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Abstract

This paper explores the iterative processes involving algebraic clo-
sures, Archimedean and non-Archimedean completions, Y;, number sys-
tems, and Fontaine’s rings. By systematically applying combinations of
these transformations, we generate an infinite number of distinct fields
and rings. Each iteration introduces new algebraic structures and sym-
metries, reflected in the complex Galois groups of the resulting extensions.
We examine the properties of these fields through detailed examples for
increasing n, the number of iterations, and analyze the impact of mixed
Archimedean and non-Archimedean completions. This approach provides
deep insights into the rich landscape of advanced mathematical structures
and their automorphisms.

Iterative Processes with Mixed Completions and
Closures

We consider the iterative processes involving algebraic closures, Archimedean
and non-Archimedean completions, Y,, number systems, and Fontaine’s rings.
The notation will be as follows:

e (AC): Taking the algebraic closure.

e [C]a: Taking the Archimedean completion.

[C]n: Taking the non-Archimedean completion (e.g., p-adic completion).

[Y:n]: Applying the Y;, number system transformation.

e [F]: Applying transformations using Fontaine’s rings.



1 Forn=3

Process: (AC);3[Ym][F][CIN[C]A[C]Nn(Q)
Step-by-Step Breakdown:

L [Cln(Q) =Qp
e Non-Archimedean completion of Q at a prime p.

e Galois group: Gal(Q,/Q,), the group of automorphisms of the alge-
braic closure of Q,, over Q,, which is a profinite group capturing all
possible symmetries of @Q,,.

- [Cla(@p) =Gy

e Archimedean completion of Q,.

[\

o Galois group: Gal(C,/Q,), generally trivial, as C, is complete and
algebraically closed.

3. [CIn(Cy) =C,

e Non-Archimedean completion does not change C,,.

e Galois group: Trivial since the field remains the same.
4. [F]((Cp) = Ainf((cp)

e Applying Fontaine’s ring to C,,.

e Galois group: The Galois group of A;,y over Q, involves the p-adic
Hodge structures, including intricate relations with Gal(Q,/Q,).

[Ym](Ainf ((Cp)> = Ym(Ainf ((Cp))

e Applying Y,,, number system transformation.

o

e Galois group: Depends on Y,, structure, adding another layer of
automorphisms specific to the Y, system.

- (AC)(Yon (Aing (Cp))) = Yon(Ains (Cp))

e Taking the algebraic closure.

o Galois group: Gal(Y,(Ainr(Cp))/ Y (Ains(C,))), capturing all sym-
metries of the algebraic closure of Y, (A, £(Cp)).

[=p}

~

. Repeated algebraic closures.

e Galois group: Reflects iterated algebraic closures, each step poten-
tially introducing new symmetries.



2 Forn=4

Process: (AC)4[Yn][F][C]n[C]A[C]N[Ya][F](Q)
Step-by-Step Breakdown:

L [Cln(Q) =Qp
e Non-Archimedean completion of Q.

e Galois group: Gal(Q,/Q,), the profinite group governing the auto-
morphisms of the algebraic closure of Q,.

2. [Cla(@p) =Cp
e Archimedean completion of Q,.
o Galois group: Gal(C,/Q,), typically trivial.
3. [Cln(Cp) =G,
o Non-Archimedean completion does not change C,,.
e Galois group: Trivial.
4. [FI(Cy) = Ainf(Cy)
e Applying Fontaine’s ring.
e Galois group: Involves deep p-adic Hodge theory, related to Gal(Q,/Q,).
5. Y] (Aing (Cp)) = Y (Ainy (Cp))

e Applying Y,,, number system.

e Galois group: Depends on the dimension and properties of Y,,.
6. [F]<Ym(Ainf((Cp)))

e Applying Fontaine’s ring again.

e Galois group: More intricate structures involving p-adic elements.
7o Y] (A (Vi (Ain s (Cp))))

e Another Y,, transformation.

e Galois group: Further complexities depending on Y,.

8. (AC)(Yin (Ains (Y (Aing (Cp)))))
e Taking the algebraic closure.
o Galois group: Gal(Yom (Ains (Yo (Ains(Cp))))/ Y (Aing (Yo (Ains (Cp)))))-

9. Repeated algebraic closures.




3 Forn=>5

Process: (AC)5[Ym][Fl[CIN[C)A[C]IN[Ym][F][C)A(Q)
Step-by-Step Breakdown:

1.

10.

[CIn(Q) = Qp
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).
[C1a(@y) = Cp

e Archimedean completion.
o Galois group: Gal(C,/Q),).

[CIn(Cy) =Gy

e Non-Archimedean completion.

e Galois group: Trivial.

- [FI(Cy) = Aing(Cp)

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
[Ym] (Ainf ((Cp)) =Yy (Ainf ((Cp))

e Y,, number system.

e Galois group: Depends on Y,,.
[F] (Y (Aing (Cp)))

e Fontaine’s ring.

e Galois group: Further p-adic structures.

Y] (Ain g (Y (Aing (Cp))))
e Another Y, transformation.

e Galois group: Complex, depending on Y,,.

[Cla (Y (Ain g (Yin (Aing (Cp))))) = C
e Archimedean completion stabilizes at C.

e Galois group: Trivial.
(AC)(C)=C

e C is already algebraically closed.

e Galois group: Trivial.

Repeated algebraic closures, remaining at C.



4 Galois Groups and Infinite Possibilities

Each iterative process introduces new algebraic structures and symmetries, re-
flected in increasingly complex Galois groups. Mixed Archimedean and non-
Archimedean completions combined with Y,, transformations and Fontaine’s
rings lead to highly intricate field extensions. By varying m, k, [, j and their or-
der, an infinite number of distinct fields and rings can be generated, each with
unique Galois groups.

5 Further Increasing n

5.1 Forn=2=¢6

Process: (AC)6[Yn|[Fl[CIN[ClalYu][FIICIN [Ym][F][C]A(Q)
Step-by-Step Breakdown:

L [C]N(Q) = Qp
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).
2. [Cla(@y) =G,
e Archimedean completion.
o Galois group: Gal(C,/Qp).
3. [Ym]((cp) = Ym((cp)
e Y,, number system.

e Galois group: Depends on Y,,.
4. [F](Yn(Cp)) = Ains (Y (Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
5. [Cln (Aing(Ym(Cp))) = Ains (Y (Cp))

e Non-Archimedean completion.

e Galois group: Trivial.
6. [Yinl(Aing (Y (Cp))) = Yin(Aing (Y (Cp)))

e Another Y,, transformation.

e Galois group: Complex, depending on Y,,.
7. [F](an(Ainf(Ym(Cp))))

e Fontaine’s ring.



e Galois group: Further p-adic structures.
8. [Cla(Yim(Ains(Ym(Cp))))) = C

e Archimedean completion stabilizes at C.

e Galois group: Trivial.

9. (AC)(C)=C
e (' is already algebraically closed.
e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

52 Forn=17

Process: (AC)7[Y,,|[F][CIN[ClaYn][F][CIN[Yim] [F][Cla[Yi][F](Q)
Step-by-Step Breakdown:

L [C]N(Q) = @p
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).
2. [Cla(@y) =G,
e Archimedean completion.
o Galois group: Gal(C,/Q)).
3. [Ym]((cp) = Ym(Cp)
e Y, number system.

e Galois group: Depends on Y,,.
4 [F1(Yin(Cp)) = Ainy (Yin(Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
5. [Cln(Aing (Ym(Cp))) = Aing (Ym(Cp))

e Non-Archimedean completion.

e Galois group: Trivial.
6. [Ym](Amf(Ym (Cp))) = Ym(Ainf (Yo ((Cp)))

e Another Y,, transformation.

e Galois group: Complex, depending on Y,,.
7. [F](Ym(Ainf(Ym(Cp))))



e Fontaine’s ring.

e Galois group: Further p-adic structures.
8. [Cla(Yim(Ain (Ym(Cp))))) = C

e Archimedean completion stabilizes at C.

e Galois group: Trivial.
9. (AC)(C)=C

e C is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

5.3 For n=2g8

Process: (AC)s[Yn|[F[CIn[Cla[Yn] [F][Cln Y] [FI[Cla[Yn][F][C]N (Q)
Step-by-Step Breakdown:

L [CIn(Q) =Q,
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,)-

2. [Cla(@p) =G,y
e Archimedean completion.
o Galois group: Gal(C,/Qp).
3. [Ym]((cp) = Ym(cp)

e Y, number system.

e Galois group: Depends on Y,,.
4. [F1(Yin(Cp)) = Ainyg (Ym(Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.

5. [O]N(Ainf (Ym(cp))) = Ainf (Ym(cp))
e Non-Archimedean completion.
e Galois group: Trivial.
6. [Ym] (Ainf (Yo (C;D))> =Yn (Ainf (Ym ((cp)))

e Another Y,,, transformation.

e Galois group: Complex, depending on Y,,.



7. [F1(Yo (Ain g (Y (Cp))))

e Fontaine’s ring.

e Galois group: Further p-adic structures.
8. [Cla(Yim(Aing (Yin(Cyp))))) = C

e Archimedean completion stabilizes at C.

e Galois group: Trivial.
9. (AC)(C)=C

e (' is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

54 Forn=9

Process: (AC)o[Yin|[FI[C]n[ClaYim][F[Cln [Yu][FI[Cla Y] [F][C]n [Ym][F](Q)
Step-by-Step Breakdown:

L [Cln(Q) = Q@
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).

2. [Cla(Qp) =Gy
e Archimedean completion.
o Galois group: Gal(C,/Q,).
3. [Ym](cp) = Ym(cp)

e Y,, number system.

e Galois group: Depends on Y,,.
4 [F](Yn(Cp)) = Aing(Yin(Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.

5. [C]N(Ainf (Ym((cp))) = Ainf (Yo ((Cp))
e Non-Archimedean completion.
e Galois group: Trivial.
6. [Ym](Ainf(Ym((Cp))) = Ym(Ainf (Ym (Cp)))

e Another Y, transformation.



e Galois group: Complex, depending on Y,,.

T Y (s (Vi (C0))))
e Fontaine’s ring.

e Galois group: Further p-adic structures.
8. [Cla(Ym(Aing (Yin(Cyp))))) = C

e Archimedean completion stabilizes at C.

e Galois group: Trivial.
9. (AC)(C)=C

o C is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

5.5 For n=10

Process: (AC)10[Yo][F1[C]n[Cla[Yom] [F1[C] N Y] [F1[C) AVl [F][Cln [Yin] [F1(Q)
Step-by-Step Breakdown:

L [C]n(Q) = Qp
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).

- [Cla(@) =Gy

e Archimedean completion.
e Galois group: Gal(C,/Q,).

3. [Ym]((cp) = Ym(cp)

[\]

e Y,, number system.

e Galois group: Depends on Y,,.
4 [Fl(Yin(Cp)) = Aing(Yin(Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
: [C]N(Ainf (Yo ((Cp))) = Ainf (Yo ((Cp))

e Non-Archimedean completion.

ot

e Galois group: Trivial.

6. [Ym](Amf(Ym(Cp))) = Ym(Amf(Y;n(Cp)))



e Another Y,, transformation.

e Galois group: Complex, depending on Y.
7. [F) (Yo (Aing (Ym(Cp))))

e Fontaine’s ring.

e Galois group: Further p-adic structures.
8. [Cla(Yim(Ains (Yin(Cp))))) = C

e Archimedean completion stabilizes at C.

e Galois group: Trivial.
9. (AC)(C)=C

e (' is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

5.6 Forn=11

Process: (AC)11[Y][FI[CIN[ClaA[Yn][FI[C]n [Ym][F][Cla Y] [F][CIN [Yin] [F](Q)
Step-by-Step Breakdown:

L [CIn(Q) =Qp
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).

- [Cla(@) =Gy

e Archimedean completion.
o Galois group: Gal(C,/Q)).

3. [Yl(Cp) = Yin(Cy)

[\

e Y, number system.

e Galois group: Depends on Y,,.
4 [Fl(Ym(Cp)) = Aing (Yin(Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
[Cln (Aing (Yin(Cp))) = Ainy (Y (Cp))

e Non-Archimedean completion.

o

e Galois group: Trivial.

10



&

[Ym] (Ainf(ym ((Cp))) = Ym(Ainf (Ym (Cp)))

e Another Y,, transformation.

e Galois group: Complex, depending on Y,,.
7. [F](Ym(Ainf(Ym((Cp))))
e Fontaine’s ring.

e Galois group: Further p-adic structures.

8. [Cla(Ym(Aing(Ym(Cp))))) = C
e Archimedean completion stabilizes at C.
e Galois group: Trivial.

9. (AC)(C)=C

e C is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

5.7 For n =12

Process: (AC)12[Yi|[F[CN[Cla[Yn] [FI[C]N Y] [FI[C] Y] [F][C] N [Yi] [F](Q)
Step-by-Step Breakdown:

L [C]n(Q) = Qp

e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).
- [C1a(@y) = Cp

e Archimedean completion.
o Galois group: Gal(C,/Q)).

3. [Ym]((cp) = Ym((cp)

[N)

e Y, number system.

e Galois group: Depends on Y,,.
4 [F1(Yin(Cp)) = Ainy (Yin(Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
[O]N(Ainf (Ym(cp))) = Ainf (Ym ((Cp))

e Non-Archimedean completion.

ot

11



e Galois group: Trivial.
[Ym] (Amf(ym (Cp))) =Yn (Ainf (Yo ((Cp)))

e Another Y,, transformation.

o

e Galois group: Complex, depending on Y,,.

7. [F](Ym(Ainf(Ym(Cp))))
e Fontaine’s ring.

e Galois group: Further p-adic structures.

8. [Cla(Yim(Ains(Ym(Cp))))) = C
e Archimedean completion stabilizes at C.
e Galois group: Trivial.

9. (AC)(C)=C

e C is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

5.8 For n=13

Process: (AC)13[Yn][F][Cln [Cla[Yn][F][CIN [Yin ] [F][Cla[Yin | [F][Cln [Yn] [F](Q)
Step-by-Step Breakdown:

L [C]n(Q) = Qp

e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).

2. [Cla(@y) =Gy
e Archimedean completion.
o Galois group: Gal(C,/Q)).
3. [Ym]((cp) = Ym((cp)

e Y, number system.

e Galois group: Depends on Y,,.
4 [F1(Yin(Cp)) = Ainy (Yin(Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
[CIn (Aing (Yin(Cp))) = Aing (Y (Cp))

o
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e Non-Archimedean completion.

e Galois group: Trivial.
. [Ym](Ainf (Ym ((Cp))) = Ym(Ainf (Ym ((Cp)))

e Another Y,, transformation.

[=p)

e Galois group: Complex, depending on Y;,.
7. [F](Ym(Ainf(Ym(Cp»))

e Fontaine’s ring.

e Galois group: Further p-adic structures.

8. [Cla(Ym(Aing(Ym(Cp))))) = C
e Archimedean completion stabilizes at C.
e Galois group: Trivial.

9. (ACH(C)=C

e C is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

5.9 Forn=14

Process: (AC)1[Yn][F][Cln [ClaA[Ym][F][CIN [Yin | [F][Cla[Yin | [F] [Cln [Yin] [F](Q)
Step-by-Step Breakdown:

L [Cln(Q) =Qp
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).

2. [Cla(Qp) =Gy

e Archimedean completion.
o Galois group: Gal(C,/Q),).

3. [Ym]((cp) = Ym(cp)

e Y,, number system.

e Galois group: Depends on Y,,.
4 [F1(Yin(Cp)) = Ainy (Yin(Cp))

e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
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5. [C]N(Ainf (Ym (Cp))) = Ainf (Y (Cp))
e Non-Archimedean completion.
e Galois group: Trivial.
6. [Yin)(Aing (Y (Cp))) = Vi (Aing (Yin(Cp)))

e Another Y,,, transformation.
e Galois group: Complex, depending on Y,,.
7. [F](Ym(Ainf(Ym(Cp))))

e Fontaine’s ring.

e Galois group: Further p-adic structures.

8. [Cla(Yo(Aing(Ym(Cyp))))) =C
e Archimedean completion stabilizes at C.
e Galois group: Trivial.

9. (AC)(C)=C

o C is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

5.10 For n =15

Process: (AC)15[Y][F1[C]n[Cla[Yom] [F1[C] N Yl [F1[C) AVl [F][Cl N [Yin] [F1(Q)
Step-by-Step Breakdown:

L [Cln(Q) =Qp
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).

2. [Cla(Qp) =G,

e Archimedean completion.
o Galois group: Gal(C,/Q),).

3. [Ym]((cp) = Ym((cp)

e Y,, number system.

e Galois group: Depends on Y,,.
4 [Fl(Ym(Cp)) = Aing (Yin(Cp))

e Fontaine’s ring.
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e Galois group: Related to p-adic Hodge theory.

5. [C]N(Ainf (Yo (Cp))) = Ainf (Yo ((Cp))
e Non-Archimedean completion.
e Galois group: Trivial.
6. [YM](Ainf(Ym(Cp))) = Ym(Ainf (Ym((cp)))

e Another Y, transformation.
e Galois group: Complex, depending on Y,,.
7 [F1(Yin (Aing (Ym(Cp))))

e Fontaine’s ring.

e Galois group: Further p-adic structures.

8. [Cla(Yim(Aing (Yin(Cyp))))) = C
e Archimedean completion stabilizes at C.
e Galois group: Trivial.

9. (AC)(C)=C

o C is already algebraically closed.

e Galois group: Trivial.

10. Repeated algebraic closures, remaining at C.

5.11 For n=16

Process: (AC)16[Ym][F][C]n [Cla[Ym][F][ClN [Yin | [F][Cla [Yin | [F] [C]n [Yin] [F](Q)
Step-by-Step Breakdown:

L [Cln(Q) =Qp
e Non-Archimedean completion.
e Galois group: Gal(Q,/Q,).

2. [Cla(Qp) =Gy

e Archimedean completion.
o Galois group: Gal(C,/Q),).

3. [Ym]((cp) = Ym((cp)

e Y,, number system.

e Galois group: Depends on Y,,.
4. [F](Ym((cp)) = Ainf(Ym((Cp))
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e Fontaine’s ring.

e Galois group: Related to p-adic Hodge theory.
5. [Cln (Aing(Ym(Cp))) = Ains (Y (Cp))

e Non-Archimedean completion.

e Galois group: Trivial.
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